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Abstract
An important component for making semi-supervised learning applicable to real world data is the task of model
selection. For the case of very limited labeled data, for which semi-supervised learning algorithms have the greatest potential
to offer improvement in estimating predictive models, model selection is a significant challenge, a key open problem, and
often avoided entirely in previous work. While previous work has demonstrated the benefit of semi-supervised learning in
cases of very limited labeled training data, in order for such results to be achievable in practice, some effective method of
selecting the hyper-parameters for these methods is necessary. In general, existing approaches rely heavily in some way on
the labeled data directly for estimating either performance (e.g., error), some key characteristics of the model, or likelihood,
and so can suffer when there is not much labeled data. Instead we propose an alternative, sampling approach in order to
estimate model performance. The main idea is to evaluate the models on a large number of generated similar data sets,
and to prefer those models that perform well on average across the data sets. New training and unlabeled/test data are
generated by sampling from the large amount of unlabeled data and estimated conditional probabilities for the labels. Since
these data sets are complete with labels, models can then be evaluated using the generated labels for the much larger set of
unlabeled/test data. Using a variety of data sets we demonstrate the effectiveness of our approach, and, for small amounts
of labeled data, large improvement over traditional methods like cross-validation, as well as better performance on average
than the state-of-the-art for semi-supervised model selection.

1

Introduction

For every semi-supervised learning algorithm, in practice it is necessary to select the specific tuning or hyper parameters
for the method, using the available training data. This process is called model selection. Model selection is a major issue
for semi-supervised learning problems involving very limited labeled data, since the small amount of labeled data makes it
difficult to reliably estimate predictive performance of a model.
However, in the work on semi-supervised learning the issue of model selection is often avoided [4, 6, 3, 22, 27, 21, 23,
7, 17, 1, 39, 11, 34, 19], for example, by reporting the best results found over a grid of hyper-parameters, the idea being that
this is the best performance a particular method could achieve if there were some way to select that best model. However
this best performance is meaningless for real wold applications if there is not some way to select the model. In general,
existing model selection approaches rely heavily in some way on the labeled data directly for estimating either performance
(e.g., error), some key characteristics of the model, or likelihood, and so can suffer when there is not much labeled data.
For the case of extremely limited training data, the performance of common, general approaches to model selection like
cross-validation deteriorates, and in addition many semi-supervised model selection methods are only designed to work for
specific semi-supervised learning methods and so are not generally applicable. A recent survey article lists model selection
for semi-supervised learning as one of five open problems in model selection: “Very little has been done for model selection
in semi-supervised learning problems, in which only some training instances come with target values. Semi-supervised
tasks can be challenging for traditional model selection methods, such as cross-validation, because the number of labeled
data is often very small” [13].
This analysis leads us to propose an alternative, general approach to model selection for semi-supervised learning with
extremely limited labeled data. Like cross-validation the approach is based on re-sampling and re-training, and also like
cross-validation is already parallelized and thus can be efficiently carried out with modern parallel computing resources.
The basic idea is to generate many data sets that are similar to the target one, by re-sampling the labeled and unlabeled
data from the given data. In each case labels for the data are sampled using estimated conditional distributions derived by
averaging the predictions on each data instance of all models in the set of models under consideration. In this way, if most
models agree on a prediction for a label, then that label will consistently be generated, but if models largely disagree on a
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label, then that label will vary more across the generated data sets. Additionally the prior weights given to the models can
be iteratively updated, with the goal of making the generation distribution more similar to the target data distribution. By
estimating the average performance for each model across the generated similar data sets, this provides a rough estimate
of its performance on the target data. This approach can also be seen as an alternative way of estimating the stability of a
model by evaluating its performance on many different but similar data sets. If the model does not provide stable estimates,
then its performance may vary greatly for slight changes in the data set, and this will be captured by a larger averaged test
error over the generated data sets.
We evaluate our similar data sampling approach on four data sets with different amounts of labeled data, and, for the case
of data with few labels, demonstrate significant improvement over existing model selection approaches, including a stateof-the-art semi-supervised model selection method, discussed in the next section. Our experimental results demonstrate the
efficacy of the proposed approach.
2

Related Work

One of the most commonly used approaches to model selection is cross-validation. In 𝑘-fold cross-validation, the labeled
training data is partitioned into 𝑘 roughly equal sized sets. Then each of the 𝑘 sets takes a turn as being the held-out set
used for testing, and the remaining 𝑘 − 1 sets are used for training each model to be evaluated. The average performance on
the held-out sets is used to estimate the models’ performance, and this can be repeated and averaged over multiple random
partitions. Cross-validation is one model selection approach commonly used for general semi-supervised learning methods
[8, 38], however it has been found that its performance can suffer when only small amounts of labeled data are available [32].
Aside from standard supervised model selection methods like cross-validation, we can roughly break related work into two
categories: work that avoids full model selection in some way, and work either focused on the problem of semi-supervised
model selection or that uses some form of semi-supervised model selection.
2.1 Avoiding the Model Selection Issue A large amount of the work on semi-supervised leading in the literature avoids
the model selection issue in some way. Therefore we briefly mention some common approaches used that essentially avoid
model selection, before discussing specific model selection approaches. We can further break this category down into two
sub-categories.
2.1.1 Reporting the Performance for Fixed Values or Best Over Hyper-parameter Grids The work in this category
trains the methods used either by arbitrarily picking fixed values for some or all hyper-parameters or by using default or
heuristic hyper-parameter values or by training the methods over hyper-parameter grids, sets of different hyper-parameter
combinations, and returns the best results on the test error found, sometimes with hyper-parameter sensitivity results as well
[4, 6, 3, 22, 27, 21, 23, 7, 17, 1, 39, 11, 34, 19].
2.1.2 Selecting using a validation set typically only available for model selection The work in this category uses a
separate validation set for model selection and selects the best model according to performance on the validation set, e.g.,
[35, 26, 9, 10]. Note that this is also an artificial scenario, since if extra labeled data were available for model selection
it could also be used for model estimation, likely making the semi-supervised learning approaches unnecessary or at least
reducing the benefit they offer and most likely changing the best model as well. For example, in one work [35], for one data
set, the semi-supervised learning method has access to only 2 labeled instances, but 250 are used for validation - if these
had been available for training after validation, supervised learning would most likely have been sufficient.
2.2 Model Selection Approaches Various approaches do exist that address the model selection issue partially or fully
for the case of semi-supervised data. However most are method-dependent - specific to the probabilistic models and
frameworks proposed for the particular learning algorithm. Here we discuss such approaches as well as general semisupervised approaches.
2.2.1 Approaches that are restricted to certain model classes One common category of methods is the approach
of estimating the marginal likelihood also called maximum likelihood type II approaches [36] or evidence-based model
selection [32]. Given specific probabilistic models, the model parameters are approximately integrated out of the data
likelihood equation leaving the marginal likelihood as a function of the hyper-parameters. The hyper-parameters maximizing
this marginal likelihood are then typically chosen. However this requires assuming a particular probabilistic model for the
different components of the model and the data, and is thus not applicable to general semi-supervised learning methods,

for instance co-training with arbitrary base classifiers in each view. Additionally, depending on the model, this approach
could suffer from over-fitting with limited labeled data. A different type of marginalization strategy in which some of
the hyper-parameters are marginalized when estimating the model parameters has also been proposed [17]. In this case,
for hyper-parameter selection, some hyper-parameters are arbitrarily fixed, and the remaining hyper-parameters are treated
as missing values. The conditional probability distributions defined by the model are then used with the expectationmaximization algorithm to fit the model parameters, essentially integrating out these specific hyper-parameters. Similar to
the marginal likelihood approaches with gaussian processes, Zhu, Ghahramani and Lafferty proposed a Gaussian random
field model with a label entropy model selection approach used for learning some hyper-parameters [41].
Another approach is to use information criteria. For instance, Culp, Michailidis and Johnson propose a generalized
additive model with transductive smoothers for multi-view semi-supervised learning [12]. The associated proposed model
scoring uses the likelihood or error penalty on the labeled data in combination with an estimate of degrees of freedom
for the linear smoothers, which corresponds to the trace of a smoother matrix. In addition to being method-dependent, this
approach only considers the performance on the labeled data with the unlabeled data effecting only the trace of the smoother
matrix. For very limited labeled training data, this could result in poor solutions since many models could fit the labeled
data very well so that the estimated degrees of freedom is the determining factor, potentially resulting in over-fitting for
cases of many hyper-parameters.
2.2.2 General Approaches Several general approaches also exist for semi-supervised model selection. An interesting
state-of-the-art approach for semi-supervised model selection is metric-based model selection [28, 29, 30], which was
generally found to out-perform previous model selection methods including cross-validation and various information
criteria. The first approach in this category uses estimated distances between hypotheses in different classes and the target
hypothesis and tests a sequence of hypothesis classes in order until the triangle inequality is violated with some previous
hypothesis class. Since the sequence traversal can be terminated early at a sub-optimal model, a second approach with an
adjusted distance estimate was proposed using ratios of function distance estimates to score models. Bengio and Chapados
consider metric-based model selection extensions to time series data, cases without unlabeled data, and a hybrid with crossvalidation [2]. However, a major limitation for the metric-based model selection occurs with extremely limited labeled
training data since many or all hypothesis classes considered could all achieve perfect training error. This means if the first
approach is used, the sequence traversal is terminated immediately, and if the second approach is used, all methods have
equal scores of zero, so there is no way to decide between them. Additionally this method requires a nested ordering
of hypothesis classes, limiting its applicability for general learning methods, since the correct sequence of hypothesis
classes which should be monotonic in terms of complexity is not always clear, particularly with multiple hyper-parameters.
Schuurmans et al.addressed this issue by proposing a new model evaluator, called ADA, as the product of the training error
and a function of the ratios of the distance between a learned function on the labeled and unlabeled data from a constant
function, using Kullback-Leibler divergence for classification [30] since the original distance approach did not work well
for classification. Collectively these metric-based model selection approaches were demonstrated to improve over the stateof-the-art in model selection, compared against a wide variety of model selection approaches. Like the proposed method of
this thesis, this method can also be applied to a grid of hyper-parameters for model selection. However, if class conditional
probabilities for any instances are zero the approach has a divide-by-zero problem, which can happen for some tasks with
very small amounts of labeled training data. Additionally, small amounts of labeled data may not provide reliable enough
information for the estimated labeled data function distances, and many semi-supervised learning methods already generally
enforce similarity in the learned function evaluated on labeled and unlabeled data in some way so this method may not be
as useful with semi-supervised learning algorithms. Furthermore, to our knowledge, this method has never been analyzed
in conjunction with semi-supervised learning algorithms, which is part of what is provided here.
Madani, Pennock, and Flake proposed a co-validation approach [20] in which two functions are trained on different
partitions of the labeled training data, and their disagreement is measured on the unlabeled data and used along with training
error to estimate test error. However this approach requires enough labeled data to allow representative functions to be
learned with half the amount of training data, making it an unsuitable choice for very small amounts of labeled training
data. Additionally in their semi-supervised learning experiments the approach did not improve the model selection over
cross-validation (though could be helpful for active and transfer learning). A similar approach is proposed in [16], in which
cross validation is extended with a disagreement measure on the unlabeled data; also similarly the approach did not improve
over cross-validation, but did offer more reliable generalization error guarantees. Another similar approach was proposed
called stability selection, and extended these ideas to unlabeled data for the problem of estimating the number of clusters to
use in a clustering model [18].

3

Methodology

We assume a set of labeled and unlabeled data instances 𝒟 are generated by a fixed joint distribution 𝑃𝑋𝑌 over 𝒳 × 𝒴.
We further make the standard assumptions that the data {𝑋𝑖 } is i.i.d. and that the distribution of 𝑌𝑖 depends only on
𝑋𝑖 . Since typically for semi-supervised learning, a large amount of unlabeled data is available, this means the marginal
distribution 𝑃𝑋 is well characterized by the data sample. Sampling from the marginal distribution 𝑃𝑋 can therefore be
simply accomplished by re-sampling from the full set of labeled and unlabeled data. The intuition behind the proposed
approach is then that, given marginal samples ⃗𝑥 that are close to the true distribution, if we can at least approximately
sample associated labels, then we can come up with a way to sample data sets that are similar to the target data set. By
training different models on these synthetically generated data sets, we can get an idea of how consistently they perform
on similar tasks to the target one by averaging their performance over many randomly generated similar tasks. Since we
have the ground truth labels for these similar data sets, we can directly evaluate each model for them. Intuitively, if a model
works well for these similar data sets then we would expect it to work well for the target data set as well. We hypothesize
that considering model performance across these similar data sets can result in better estimation of model performance than
relying on one particular data sample (the target data sample) with only a small amount of labeled data to perform model
selection, since with the proposed approach real performance is evaluated on similar data sets for which the labels are known
and test error can be directly computed.
3.1 Estimating Expected Test Error by Re-sampling The goal can therefore be defined as estimating the expected test
error for each model using a sampling approach, and a particular loss function 𝐿(, ). Typically 𝐿(, ) is taken to be the 0-1
loss, given by 𝐿(𝑎, 𝑏) = 1 if 𝑎 ∕= 𝑏, 0 o.w. Specifically, Err = 𝐸[𝐿(𝑌, 𝑓ˆ(𝑋))∣𝒟] where 𝑓ˆ() is the predictive function
estimator using 𝒟 corresponding to a particular model (i.e., set of hyper-parameters), and the expectation is over both the
training data 𝒟 of a particular size and the random variable 𝑋. Each model corresponds to a distinct estimator which maps
a data sample 𝒟 to a function from 𝑓ˆ : 𝒳 → 𝒴 and so 𝑓ˆ is a random variable. We assume the goal is to evaluate a finite set
of models ℳ of size 𝑘, with some initial prior distribution over the models 𝑃𝑀 which would usually be taken to be uniform.
Since the expected test error is just an expectation over different data samples, we can approximate it via the law of
large numbers as follows
𝑑

(3.1)

Err𝑚 ≈

𝑡

1∑1∑
𝐿(𝑦𝑗,𝑖 , 𝑓𝑚,𝑗 (⃗𝑥𝑗,𝑖 ))
𝑑 𝑗=1 𝑡 𝑖=1

Here each 𝒟𝑘 , for 𝑘 = 1, . . . , 𝑑, is obtained by independently sampling a data set with the same number of labeled and
unlabeled instances as 𝒟 and 𝑡 test instances by sampling (⃗𝑥𝑗,𝑖 , 𝑦𝑗,𝑖 ) from 𝑃𝑋𝑌 , and 𝑓𝑚,𝑗 () is the predictive function learned
for the particular model (i.e., set of hyper-parameters) 𝑚 for training set 𝒟𝑗 . Note these training sets contain both labeled
and unlabeled data. In the transductive setting, the unlabeled data is also the test data, so in this case 𝑡 is the number of
unlabeled instances.
Since sampling from 𝑃𝑋 can be approximated by re-sampling (in our implementation we use without replacement so
that we can partition the data) from the full set of labeled and unlabeled data, if the conditional distribution 𝑃𝑌 ∣𝑋 were
known at least at each data instance in the training data, then we could also sample 𝑌 given an 𝑋 sample and thus sample
from 𝑃𝑋𝑌 . Furthermore since the amount of unlabeled data is large we can estimate the test error using the generated
(sampled) unlabeled data. If we assume 𝑃𝑌 ∣𝑋 corresponds∑
to a mixture of models in ℳ, which are in the form of the
models that return probabilistic outputs, then 𝑃𝑌 ∣𝑋=⃗𝑥,𝒟 ∝
𝑃𝑌 ∣𝑋=⃗𝑥,𝑀 =𝑚,𝒟 𝑃𝑀 =𝑚 . Note also that this mixture could
correspond to a single model. Therefore if the probability of each model, 𝑃𝑀 , were known, we could generate data sets
very similar to the target data set.
Therefore we propose the following iterative procedure to estimate average test error for a set of models, where we
view the probabilities of the models as hidden variables. The procedure starts with an initial 𝑃𝑀 usually taken to be uniform
(i.e., 𝑃𝑀 =𝑚 = 1/𝑘), and a target training data set 𝒟 with 𝑛 labeled instances.
1. Step 1: For each 𝑚 ∈ ℳ compute 𝑃𝑌 ∣𝑋,𝑚,𝒟 and 𝑓𝑚 () by training the model on the target training data set 𝒟.
Average these conditional estimates together according to the current estimate for 𝑃𝑀 . In particular, we define:
∑
(3.2)
𝑃ˆ𝑌 =𝑦∣𝑋=⃗𝑥 =
𝑃𝑌 =𝑦∣𝑋=⃗𝑥,𝑀 =𝑚,𝒟 𝑃𝑀 =𝑚
𝑚

2. Step 2: For each of some number 𝑑 data sets, randomly sample without replacement 𝑛 instances from 𝐷 to use as

labeled training data, and use the remainder as both unlabeled training data and test data. To each instance, assign a
label by sampling from conditional distribution estimates found in the previous step, 𝑃ˆ𝑌 ∣⃗𝑥𝑖 for each 𝑖.
3. Step 3: Estimate the average test error for each model 𝑚 according to Equation 3.1.
4. (Optional) Step 4: Taking the likelihood for a given model to be the exponential of the negative test error, multiply
these by the current probability for each model 𝑃𝑀 and normalize across all models for each data set. Average the
result across data sets to obtain the new estimates for the hidden variables 𝑃𝑀 .
5. (Optional) Step 5: Repeat for several iterations, or until convergence.
If we stop after one iteration, then the average estimated test error is computed using a conditional distribution with
equal weight for each model, i.e., the uniformly-weighted average, which might be preferable, in particular for the sake of
computational efficiency. In practice we found this approach to be effective. Also note, for continuous 𝑌 , densities are used
for its distribution.
3.2 Addressing Additional Issues One issue with computing the conditional distributions is that, even if all of the models
agree in their label prediction, depending on the method used, the probability outputs might still be close to 0.5. In this case,
the sampled data could still vary largely, with samples not too similar to the target data. Therefore we also use the average
of predicted labels to estimate the conditional probabilities:
∑
(3.3)
𝑃ˆ𝑌 =𝑦∣𝑋=⃗𝑥 =
1(𝑦 = 𝑓𝑚 (⃗𝑥))𝑃𝑀 =𝑚 ,
𝑚

where 1(.) is the indicator function which returns 1 if its argument is true and 0 otherwise. Note that this definition assumes
discrete labels. For other types of target variables 𝑌 , some modification is necessary. In particular, considering continuous
𝑌 and regression, conditional densities would be computed instead. In order to use the fixed output predictions in this case,
a one-dimensional distribution can be fit to the set of model predictions of 𝑦 for a given ⃗𝑥, using kernel density estimation
[5].
Another issue arises with the combination of limited labeled data and imbalanced data. In this case, many instances
might be predicted as belonging to the same class by most models. This can be an issue when sampling then, since the
sampled label set might be all of one class - it might take a much larger set of sampled data sets to get a significant number
that have labeled data from both classes. Therefore we also propose a balance modification in which we sample data sets
until each has at least one labeled instance from each class.
3.3 Relationship to Expectation Maximization, Bootstrapping, and Stability Selection If the iterative re-weighting
strategy is used, and we consider the missing labels to be hidden variables, this is in some ways similar to expectationmaximization-type approaches for learning with hidden variables - another category of semi-supervised learning algorithms
[40]. However there are a few key differences. First the hidden variables are used mainly for evaluation of the models,
as opposed to being an integral part of the models themselves. I.e., when training the models across the different random
samples of the data and labels, instead of trying to incorporate all of the estimates for the labels of the unlabeled data in the
training process, these estimated labels are mainly used in evaluating the trained model. The focus is on keeping the training
conditions the same as for the actual training data. Second, maximization is not performed over the expectation, since each
model is trained (maximized) over its local sample and then an expected value is taken. This emphasizes the key point that,
instead of using this procedure to try to infer likely values for the hidden variables, i.e., the missing labels, which could be
unreliable, or update a single model, the goal is to estimate the performance of the models. In this way, if most labels cannot
be predicted with certainty, a model that most consistently achieves better performance, across all of these sample data sets,
will be preferred, even if it is not the most likely (assuming there is even a fully defined probabilistic model). Therefore, this
method may be more closely related to the metric-based and stability selection approaches mentioned in the related work
(e.g., [30, 20]), but tries to estimate this stability by fully re-training models on similar data sets as opposed to either data
subsets or a one-dimensional stability criterion of similarity between function values on labeled and unlabeled data.
The proposed resampling approach is also similar to bootstrapping [15], which samples from the labeled data with
replacement to generate the similar data sets, and evaluates these on the held out data for each set. However, in this limited
labeled data setting, there is only a small set of labeled data to resample from, e.g., in one experiment we only have 4 labeled
points. In this case most of the data sets will not be very different - there is a limited number of unique data sets that can

be sampled. Furthermore there is a risk that a sample will contain only a single class, in which case the algorithms being
evaluated might not even be applicable. If stratification is used to avoid this issue, the possible samples are reduced further.
Enumerating possible train/hold-out combinations with stratification essentially amounts to nearly the same approach as
cross-validation so this approach would suffer the same limitations as mentioned for cross-validation. Also for this reason
in our experiments we only compare with cross validation as it is more widely used in this setting. Therefore another way
of looking at our approach is that it extends a bootstrapping approach by using estimated labels with the unlabeled data
instead. Data sets are resampled each time, but from the entire set of data with our approach, which includes the large set of
unlabeled data allowing more possible data sets, and evaluation is performed on the large set of unlabeled data as well for
each sample, as opposed to a very small hold out set.
4

Experimental Study

Here we provide experimental study of various model selection approaches for different semi-supervised learning (SSL)
algorithms evaluated on 4 different data sets.
4.1 Data Sets We evaluated the model selection approaches with four different data sets. The first data set is a synthetic
2-dimensional data set, the second is a webpage classification data set, the third a document classification data set, and the
fourth an image classification one. Below we describe these data sets, and their characteristics are summarized in Table
1. Three of the four data sets fit the scenario of multi-view semi-supervised learning, where two distinct sets of features
called “views” are available, so we use multi-view semi-supervised learning algorithms for these. The other data set fits the
manifold learning scenario, so we use a manifold-based semi-supervised learning algorithm for this one.
Table 1: Data sets, characteristics, and semi-supervised learning algorithm used.
Data Set

Num.
Labeled

Num.
Unlabeled
400
1039
1164

Num.
View 1
Features
2
2168
3703

Num.
View 2
Features
2
338
1164

Class Ratio
num. pos. /
num. neg.
1.000
0.280
0.236

Synth
WebKB
Citeseer

4
12
24

Coil

20, 40

1420, 1400

1024

n/a

0.818

SSL
Method
Used
Co-Regularization [36]
Co-Training [4]
Co-Training [4]
Manifold
Co-Regularization [35]

4.1.1 Synthetic Data Set The synthetic data in each view was generated from two slightly overlapping 2D Gaussian
distributions, with the same pair of distributions used for both views. Specifically, for each class data was sampled from a
zero-mean Gaussian distribution in two-dimensions with covariance {{ 16, 0 },{ 0, 1 }}, and was then transformed with
the rotation matrix {{ cos( 𝜋4 ), − sin( 𝜋4 ) },{ sin( 𝜋4 ), cos( 𝜋4 ) }}; then the offset of {1, 1} was added for the positive class,
and {−1, −1} for the negative class. To generate the data each instance was sampled from the distribution for one of the
classes in view 1, and independently from the same class distribution in view 2. This way the two views are conditionally
independent given the class label - an ideal scenario for multi-view semi-supervised learning algorithms. The data in each
view was normalized to have minimum 0 and maximum 1 after the sampling. For each trial, 2 labeled training points and
200 unlabeled points, were generated for each class. Figure 1 shows a sample of the generated data in each view.
4.1.2 WebKB Course Data Set The WebKB Course data set is a collection of 1051 websites from four universities,
belonging to two categories: course websites or non-course websites. There are 230 websites in the course category, and
821 in the non-course category. The first view consists of text on the webpage itself, the second view consists of the link
text of links from other webpages linking to the webpage.
We obtained the webpage and link text data1 then applied standard text pre-processing using Weka [14] to obtain 2,168
features in the text view and 338 features in the link view. As in [4], for each experiment iteration we randomly sample 3
course and 9 non-course instances for labeled training. The remaining instances were used for the unlabeled data.
4.1.3 Citeseer Data Set The Citeseer data set is a collection of scientific articles split into six categories (“Agents”, “AI”,
“DB”, “IR”, “ML”, and “HCI”). The first view consists of the text from the abstract of each article, and the second view is
1 Available

here: http://www.cs.cmu.edu/afs/cs.cmu.edu/project/theo-51/www/co-training/data/
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Figure 1: Sample of two views of data generated for 2D test case
the citation profile, the list of papers a given paper is cited by or cites in the database. We obtained a version of the data set2
with binary vectors for each article indicating if a word is present or not in that article, and built binary citation vectors for
each with a 1-entry for a feature indicating the paper cites or is cited by the other paper given that corresponding index. We
removed all papers with fewer than five other papers in the collection that cite or are cited by the paper. This resulting data
set contains 1164 documents with 3703 features in view 1 and 1164 features in view 2.
As in [37] we take the largest class (“DB”) as the positive class and the remainder as the negative class, resulting in
222 instances in class 1 and 942 instances in class 2. Also as in [37], for each experiment iteration we use 4 randomly
sampled class 1 instances and 20 randomly sampled class 2 instances to make up the labeled training set, and the rest for
the unlabeled data.
4.1.4 Coil Data Set The Coil data set is built from the Coil20 data set, commonly used as a benchmark data set for
manifold-based approaches to semi-supervised learning. The data set consists of 1440 32x32 pixel greyscale images of 20
different objects, taken at various angles. We obtained the data set from the website3 of the first author of a previous work
on manifold regularization [33]. We created a binary classification task by splitting the objects into the categories of “toys,”
corresponding to 9 objects, and “other household objects,” corresponding to the remaining 11 objects. We followed the
same approach as [35] for computing the fixed kernels and adjacency matrices for the data (using 1-nearest-neighbor and
fixed kernel width). To form the labeled and unlabeled sets we also followed the approach of [35], using stratified sampling
to sample 2 images from each category to form the labeled set and used the rest as unlabeled data, for each experiment trial.
4.2 Preliminary Synthetic Data Study We first performed some preliminary study with the synthetic data to get an idea
of the effect of updating the weights in the resampling approach, and to generate plots for qualitative comparison of the
model selection methods showing how the estimated scores compare to ground truth.
For the preliminary synthetic we used the Synthetic, two Gaussians data set described in the previous section, and coregularized logistic regression. The figure showing a sample of the data in both views is re-produced here for convenience
in Figure 1. Here the 𝐿1 regularization hyper-parameters for each view are fixed to be equal, so that results can be displayed
in 3-D plots. Therefore, there are two regularization hyper-parameters, the 𝐿1 regularization hyper-parameter, 𝜆, and the
co-regularization hyper-parameter 𝜇. The set of models to evaluate are taken to be a grid of combinations of these two
hyper-parameters, with 𝜆 ranging from 2−20 to 23 by incremental powers of 2, and 𝜇 similarly ranging from 2−40 to 225 ,
but multiplied by a starting value equal to the number of labeled instances over the number of unlabeled instances.
Since other approaches are method-dependent, the state-of-the-art metric-based model selection approach (ADA) [30]
is taken as the main competitor to the proposed model selection approach, with cross-validation used as a baseline. When
2 Available
3 Available

here: http://www.cs.umd.edu/ sen/lbc-proj/LBC.html
here: http://vikas.sindhwani.org/manifoldregularization.html
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Figure 2: Ground truth and estimated test error (z-axis) vs pairs of hyper-parameters for different model selection methods
Results are shown in Figure 2 for a particular training data set, as 3D meshes showing the estimated model score for
each pair of hyper-parameters. The results are shown for both 5 and 20 updates of the conditional probability estimates for

the proposed re-sampling approach. The figure shows the average score or test error estimates for each method evaluated
over the grid of hyper-parameters, with the hyper-parameters on the 𝑥 and 𝑦 axes and the 𝑧 axis corresponding to the
estimate. The true test error is also shown in Figure 2(a). In this case, both the cross-validation and metric-based model
selection approaches estimate their best scores for models in a sub-optimal region of the joint hyper-parameter space; the
estimates corresponding to these methods are not accurate for this limited amount of labeled data in this case, and choosing
the models with the best estimated performance would result in selecting sub-optimal models. The proposed re-sampling
method however is able to come quite close to correctly estimating the low test error regions of the joint hyper-parameter
space, and models with the best estimated performance result in lower test error.
We found applying the re-weighting updates generally smoothed-out the model score plots but did not have too much
of effect on which models achieved the best scores. Therefore for the following experiments, for simplicity, we did not
perform any weight updates for our resampling method.
4.3 Experiment Procedure As mentioned in the previous section, the state-of-the-art metric-based model selection
approach (ADA) [30] is taken as the main competitor to the proposed model selection approach, which we denote ADA.
We denote cross-validation [15] as CV. For the cross-validation approach we use leave-one-out cross-validation as the size
of the labeled data is small. We compare with the .632+ bootstrap estimator [15] as well, and denote this method .632+.
We also compare with the model selection approach of maximum marginal likelihood (also referred to as ML type II or
evidence-based approach) [36] when possible. In order to be able to compute a marginal likelihood we use the Gaussian
process co-regularization model (GPCR) [36] for any data set for which we use co-regularization. This model is a Bayesian
probabilistic model and allows for approximate computation of the marginal likelihood, see [36] and [25] for details. We
implemented this method with the “Gaussian Processes for Machine Learning Toolbox” version 3.1 [24]. For the Coil
data set, we used the manifold co-regularization approach described in [35] to compute the kernels and used the GPCR
method with the computed kernel matrices so that we could obtain marginal likelihoods. We denote the maximum marginal
likelihood method as MML. Finally we denote the proposed Similar Data Sampling approach as SDS, and as mentioned we
do not update the weights for each model - i.e., we use uniform weighting. Furthermore, we compare with the version of
SDS that uses the average of predicted outputs for each model (Equation 3.3) as opposed to probabilistic outputs, which we
denote SDS-L. Additionally for the Citeseer data set, since it is highly imbalanced and the lowest achievable test error is not
close to 0, we use MCC as opposed to test error with the SDS methods for scoring models. However, for CV we still used
test error, as using MCC causes significantly worse performance, due to having only a single test instance, i.e., using MCC
with CV is not really an option for limited labeled data. In addition we test the combination of the state-of-the-art method
ADA with our method and denote this combination SDS+ADA. This combination is accomplished by ranking the models
with each selection method then adding the ranks to obtain new scores for each model - the model with the lowest score
is then selected. There are two more baselines we provide as well. First, a non-semi-supervised learning approach using
the Gaussian process classifier with both views if available. For the data sets we tested each view individually, stacking the
views together to form a single view, and taking the average of classifiers trained on each view separately. Of the three,
the averaging approach gave the best results, or not significantly different from the best, on all data sets, so we report these
results. We denote this method as GP - No SSL. The final baseline reported is the result obtained when fixing the hyperparameters across trials to the best set of fixed hyper-parameters from the grid of hyper-parameters (the hyper-parameter
combination that gives the lowest test error averaged across all of the trials). This is the ideal result obtained if we had a
model selection method capable of exactly determining the average performance of each model. We denote this method as
Best Fixed. For each of the methods that use sampled sets (i.e., .632+, SDS, SDS+ADA, SDS-L, and SDS-LB) we sample
100 sets. The methods used are summarized in Table 2.
We chose a semi-supervised learning algorithm that had the potential to work well for each data set, so that some model
under consideration could achieve good performance and model selection could have a noticeable effect. These choices
are shown in Table 1. For all methods, we use the same logistic loss model. We use logistic likelihood models in GPCR
and in a Gaussian process classifier for the non-semi-supervised learning baseline. For the co-training algorithm we use 𝐿1
regularized logistic regression classifiers as the base models.
The hyper-parameter grids used for model selection are as follows. GPCR has two hyper-parameters, 𝜎1 and 𝜎2 [36].
For the synthetic data 𝜎1 and 𝜎2 were varied on a grid of values {102 , 101 , . . . , 10−5 } , resulting in 64 different models
to choose from. For the Coil data set we follow the approach of [35] and vary 𝜎1 and 𝜎2 over {106 , 104 , 102 , 100 , 10−1 ,
10−2 }, resulting in 36 models to choose from. For the co-training method, there are 3 hyper-parameters to select. The first
is the ratio of the number of positive to number of negative estimated confident points to update the labeled set with at each
iteration. We varied this ratio over {1:1, 1:2, 1:3, 1:4, 1:5}, as in all training sets the ratio for the labeled data indicates

Table 2: Model selection methods used.
GP - No SSL
CV
.632+
MML
ADA
SDS
SDS+ADA
SDS-L

Best Fixed

Gaussian process classifier [25] that does not do semi-supervised learning
Leave-one-out cross-validation [15]
The .632+ bootstrap estimator [15]
Maximum marginal likelihood approach [36]
State-of-the-art metric-based approach [30]
The proposed Similar Data Sampling approach
SDS combined with ADA by adding model ranks given by the two approaches to obtain new scores
SDS using the average of the predicted labels with each model (Equation 3.3) as the class conditional
probability as opposed to averaging probabilistic outputs. Also excludes samples with labeled data having
only one class.
The fixed model corresponding to the set of hyper-parameters that gave the lowest test error averaged across
all trials.

imbalance with fewer positive instances than negative. The other hyper-parameters are 𝐿1 regularization hyper-parameters
for view 1 and 2, 𝜆1 and 𝜆2 , respectively. We varied these over {100 , 10−1 , . . . , 10−4 }. This resulted in 125 different
models for the co-training method.
Since GPCR is transductive, we used a transductive approach for the experiments - that is for each trial, the data was
randomly partitioned into num. labeled and num. unlabeled data instances as described in Table 1, and the unlabeled data
is also used as the testing data for evaluating performance. We report results averaged over 100 random trials for each data
set.
We report test error, Matthews Correlation Coefficient (MCC) - which is the correlation of the predicted labels with the
actual labels, and F1 Score for each data set, described below. Let 𝑡𝑝 denote the number of true positive predictions, 𝑓 𝑝 the
number of false positives, 𝑓 𝑛 false negatives, and 𝑡𝑛 true negatives.
∙ Test error is given by:
∙ MCC is given by: √

𝑓 𝑝+𝑓 𝑛
𝑡𝑝+𝑡𝑛+𝑓 𝑝+𝑓 𝑛 .
(𝑡𝑝)(𝑡𝑛)−(𝑓 𝑝)(𝑓 𝑛)

(𝑡𝑝+𝑓 𝑝)(𝑡𝑝+𝑓 𝑛)(𝑡𝑛+𝑓 𝑝)(𝑡𝑛+𝑓 𝑛)

∙ F1 Score is given by:

.

2𝑡𝑝
2𝑡𝑝+𝑓 𝑛+𝑓 𝑝 .

Note that MCC and F1 score attain their best values at 1, and test error at 0. F1 score and MCC are balanced performance
measures, and MCC takes into account both false positive and false negative rates whereas F1 score does not take into
account the false negative rate.
4.4 Experiment Results The experimental results are summarized in Table 3. Additional significance testing is provided
in Table 4, comparing the SDS method to other methods for each data set, in Table 5 for the SDS+ADA method, and in
Table 6 for SDS-L. The testing is performed with respect to the test error for all data sets but the Citeseer data set, in which
MCC is used instead as the data set is highly imbalanced and test error close to 0 is not achievable.
For the synthetic data, we found that the GPCR method was more sensitive to the hyper-parameters than the coregularized logistic regression approach used in the preliminary study, which is likely part of the reason why most of the
methods had higher variance and were farther from performing as well as the best fixed model. In order to take into account
the sensitivity of the methods to the hyper-parameters for each data set, as well as how difficult the selection task is for a
given data set, we also report how many models out of the total number considered are close to the best model in the set
of all models (i.e., the hyper-parameter grid), including the best. Specifically we report the fraction of models in the set
considered that give test error within 0.025 of the Best Fixed Hyper-Parameters model. This corresponds to the last row of
the table, with the entry “Frac. Close”.
Across the first four tasks, those with the smallest amount of labeled data, the SDS method either achieves comparable
or significantly better performance than the other methods, and is only out-performed by ADA on the Coil data set.
Cross-validation (CV), the .632+ bootstrap estimator (.632+), and maximum marginal likelihood (MML) clearly suffer
performance deterioration for very small amounts of labeled data. ADA remained competitive, but SDS-L obtained better
scores on three out of the four data sets, with ADA still giving the best results for Coil even when reducing the number
of labeled data instances to 20, though this did narrow the gap between the two methods. The combination SDS+ADA
sometimes offered an improvement over SDS and ADA, but this was usually not very significant. SDS-L had the best

Table 3: Mean ± std. dev. of MCC, F1 score, and test error over 100 trials for each data set for the different model selection
approaches, with best scores shown in bold. The data sets are ordered by increasing amount of labeled data.
Test Error
Synth
(num. lab.=4)

MCC
F1 Score
Test Error

WebKB
MCC
(num. lab.=12)
F1 Score
Test Error
Coil
MCC
(num. lab.=20)
F1 Score
Test Error
Citeseer
MCC
(num. lab.=24)
F1 Score
Test Error
Coil
MCC
(num. lab.=40)
F1 Score
Average

Test Error
MCC
F1 Score

GP No SSL
0.298
±0.107
0.403
±0.214
0.701
±0.107
0.216
±0.060
0.559
±0.086
0.651
±0.065
0.410
±0.009
0.225
±0.028
0.164
±0.034
0.435
±0.029
0.267
±0.052
0.423
±0.027
0.375
±0.010
0.314
±0.024
0.287
±0.033
0.347
0.354
0.445

CV

.632+

0.217
±0.154
0.566
±0.308
0.783
±0.154
0.048
±0.043
0.881
±0.082
0.905
±0.069
0.075
±0.047
0.859
±0.082
0.906
±0.073
0.140
±0.063
0.501
±0.264
0.556
±0.271
0.033
±0.016
0.935
±0.031
0.961
±0.019
0.103
0.749
0.822

0.191
±0.138
0.619
±0.277
0.809
±0.139
0.057
±0.054
0.840
±0.180
0.860
±0.189
0.081
±0.057
0.848
±0.100
0.895
±0.090
0.258
±0.089
0.365
±0.196
0.456
±0.202
0.031
±0.016
0.940
±0.031
0.964
±0.020
0.123
0.722
0.797

MML

ADA

SDS

0.294
0.168
0.171
±0.139 ±0.128 ±0.127
0.412
0.664
0.659
±0.278 ±0.255 ±0.253
0.706
0.832
0.829
±0.139 ±0.128 ±0.127
n/a
0.038
0.028
±0.021 ±0.017
n/a
0.891
0.917
±0.047 ±0.061
n/a
0.911
0.932
±0.040 ±0.070
0.095
0.047
0.068
±0.066 ±0.010 ±0.034
0.823
0.909
0.870
±0.116 ±0.019 ±0.060
0.874
0.945
0.916
±0.105 ±0.012 ±0.049
n/a
0.149
0.140
±0.083 ±0.087
n/a
0.576
0.585
±0.212 ±0.226
n/a
0.659
0.664
±0.164 ±0.180
0.024
0.024
0.035
±0.016 ±0.016 ±0.018
0.954
0.954
0.932
±0.031 ±0.031 ±0.035
0.973
0.973
0.960
±0.019 ±0.019 ±0.022
n/a
0.085
0.088
n/a
0.799
0.793
n/a
0.864
0.860

SDS
+ADA
0.164
±0.112
0.671
±0.224
0.835
±0.113
0.029
±0.008
0.914
±0.024
0.931
±0.020
0.060
±0.024
0.885
±0.043
0.928
±0.033
0.137
±0.094
0.595
±0.234
0.674
±0.183
0.030
±0.017
0.942
±0.033
0.966
±0.021
0.084
0.802
0.867

SDS-L
0.040
±0.050
0.921
±0.100
0.960
±0.050
0.031
±0.008
0.909
±0.026
0.927
±0.022
0.055
±0.010
0.893
±0.019
0.935
±0.013
0.135
±0.090
0.605
±0.213
0.681
±0.167
0.031
±0.014
0.939
±0.027
0.964
±0.017
0.058
0.853
0.893

Best
Frac.
Fixed
Close
0.030
±0.014
0.941
0.078
±0.027 (5/64)
0.970
±0.013
0.017
±0.003
0.950
0.352
±0.010 (44/125)
0.961
±0.008
0.047
±0.010
0.909
0.444
±0.019 (16/36)
0.945
±0.012
0.117
±0.070
0.602
0.184
±0.240 (23/125)
0.669
±0.197
0.024
±0.016
0.954
0.500
±0.031 (18/36)
0.973
±0.019
0.047
0.871
n/a
0.903

Table 4: Significance testing results at the 5 percent level for paired t-tests between the proposed approach, SDS, and
other model selection approaches for MCC on the Citeseer data set and test error on the rest. A “1” indicates a significant
difference in means, “0” not significant, and a “+” indicates SDS did better, “-” worse.
GP- No SSL
CV
.632+
MML
ADA

Synth
+1
+1
0
+1
0

WebKB
+1
+1
+1
n/a
+1

Coil (n=20)
+1
0
0
+1
-1

Citeseer
+1
+1
+1
n/a
0

Coil (n=40)
+1
0
-1
-1
-1

Table 5: Significance testing results at the 5 percent level for paired t-tests between the rank sum combined approach,
SDS+ADA, and other model selection approaches for MCC on the Citeseer data set and test error on the rest. A “1”
indicates a significant difference in means, “0” not significant, and a “+” indicates SDS+ADA did better, “-” worse.
GP- No SSL
CV
.632+
MML
ADA
SDS

Synth
+1
+1
0
+1
0
0

WebKB
+1
+1
+1
n/a
+1
0

Coil (n=20)
+1
+1
+1
+1
-1
+1

Citeseer
+1
+1
+1
n/a
0
0

Coil (n=40)
+1
+1
0
-1
-1
+1

average performance, that is the performance averaged across all of the tasks (corresponding to the bottom row of Table 3).
The most drastic difference is seen for the smallest amount of labeled data, i.e., for the Synth data SDS-L was able to attain
mean test error of 0.040, close to the mean test error of the best single model, 0.030, as compared to 0.217 for CV, 0.294
for MML, and 0.168 for ADA.
Additionally, all of the model selection methods performed well on the Coil data set with 40 labeled instances - coming
close to achieving the same performance as the best fixed model. This data set was particularly easy for model selection,

Table 6: Significance testing results at the 5 percent level for paired t-tests between SDS using label outputs, SDS-L, and
other model selection approaches for MCC on the Citeseer data set and test error on the rest. A “1” indicates a significant
difference in means, “0” not significant, and a “+” indicates SDS-L did better, “-” worse.
GP- No SSL
CV
.632+
MML
ADA
SDS
SDS+ADA

Synth
+1
+1
+1
+1
+1
+1
+1

WebKB
+1
+1
+1
n/a
+1
0
0

Coil (n=20)
+1
+1
+1
+1
-1
+1
0

Citeseer
+1
+1
+1
n/a
0
0
0

Coil (n=40)
+1
+1
0
-1
-1
+1
0

which is also indicated to some extent by “Frac. Close” of 0.5 meaning half of the models to select from had performance
close to the best fixed model.
A key observation is that using averaging with labels to estimate class probabilities (SDS-L), as opposed to probabilities
(SDS) generally worked better, since even if most trained models agree on the labels exactly, the models themselves might
output class probabilities close to 0.5, so that the generated data sets would still have high variation. This could cause the
SDS method to perform more poorly when the probabilistic models are not well-calibrated, but offer some improvement
when they are. Checking the average test errors computed by the SDS method for the Coil data set, we found they did not
vary far from 0.5 (the minimum was 0.485 and the maximum 0.498), even though the majority of models actually had low
test error. A similar issue occurred with the Synth data. SDS-L avoids this issue and also allows the similar data sampling
approach to be used with models that do not have probabilistic outputs.
5

Conclusion and Future Work

We have proposed a new approach to model selection for semi-supervised learning algorithms, based on estimating
performance by re-training and evaluating each model on many generated, similar data sets, which we called SDS (Similar
Data Sampling) for short. In the experimental study on four data sets, we found the version of SDS using the average of
label predictions to estimate conditional distributions (SDS-L) to improve over the widely used cross-validation approach
and the Bayesian approach of maximum marginal (type II) likelihood, for smaller amounts of labeled data, i.e., for the tasks
in our experiments with less than 40 labeled instances. We also compared with a state-of-the-art metric-based approach to
semi-supervised model selection, ADA, which to our knowledge, has not yet been evaluated for the case of model selection
for semi-supervised learning algorithms, and found SDS-L achieved better performance on three of the four data sets.
A key area of future work is to apply SDS to a broader range of learning scenarios where effective model selection
methods are lacking. Indeed this unique broad applicability is a key advantage of SDS - this approach can be applied to
scenarios where traditional model selection methods cannot, because complete data sets are sampled. A particular example
of interest is the active learning scenario [31], in which an algorithm iteratively selects which instances to obtain information
about from an oracle, e.g., labels for unlabeled data. If the active selection algorithm has tuning parameters that must be set,
there is no way to do this with traditional model selection approaches since it requires estimating the performance of the
selection strategy as labels are obtained for the unlabeled data. However this is easily accomplished with SDS as the entire
active acquisition process can be simulated using the complete data sets generated (for each actual iteration). The main
challenge for future work is extending the similar data sampling/generation approach to handle these different scenarios,
including, for example, active view completion (see Chapter ?? for details on this scenario). Another key scenario for
future work, which is also an open problem for model selection [13], is transfer learning. This line of future work involves
applying the SDS strategy to transfer learning problems which can have no labeled target data at all.
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